Silicon-on-insulator racetrack resonators can be used as multiplexers in wavelength division multiplexing applications. The free spectral range should be comparable to the span of the C-band so that a maximum number of channels can be multiplexed. However, the free spectral range is inversely proportional to the length of the resonator and, therefore, bending losses can become non-negligible. A viable alternative to increase the free spectral range is to use the Vernier effect. In this work, we present the theory of series-coupled racetrack resonators exhibiting the Vernier effect. We demonstrate the experimental performance of the device using silicon-on-insulator strip waveguides. The extended free spectral range is 36 nm and the interstitial peak suppression is from 9 dB to 17 dB.
Introduction
The increasing demand for data bandwidth has resulted in the need for cost-effective interconnects inside the electronic chips of high performance computing systems. The typical metallic interconnects currently used in high speed electronic chips are expected to pose a bottleneck to future development; as the clock rate increases, high power consumption and long latency occurs [1] . A possible solution is to use optical interconnection devices. Ideally, one would want to monolithically integrate optics and electronics on a single, silicon platform. This would combine the advantages of high density electronics and high speed photonics giving significant performance enhancements, cost reductions and a possible solution to the abovementioned bottleneck. Silicon-on-insulator (SOI) interconnection devices provide a viable method to achieve these design goals. To reduce the amount of silicon real estate needed for optical signal routing, wavelength division multiplexing (WDM) based on SOI microring resonators is a possible solution [2] [3] [4] [5] . The high-index-contrast of SOI enables sub-micrometer waveguide dimensions as well as the radii of microring resonators to be as small as a few micrometers while ensuring low loss and single mode propagation. Recently, a 1 st order, thermally tunable, two channel multiplexer based on SOI racetrack resonators was fabricated [3] . This multiplexer has a free spectral range (FSR) of 19 nm and an out-of-band rejection ratio of approximately 22 dB [3] . However, a box-like drop port response is desired. One method to both increase the out-of-band rejection ratio and improve the flatness of the drop port response, is to use series-coupled microring resonators [2, 4, 5] . Recently, 2 nd order [4] , 4 th order [5] , and 5 th order [2] multiplexers have been fabricated showing a marked improvement in the flatness of the drop port response as well as out-of-band rejection ratios of 32 dB to 40 dB. However, these multiplexers have relatively small FSRs ranging from 16 nm to 18 nm. Ideally, an FSR comparable to the span of the C-band would be beneficial, as this would increase the number of channels that could be multiplexed or demultiplexed; two series-coupled microring resonators that have different total lengths can be used to achieve this due to the Vernier effect. Series-coupled microring resonators showing the Vernier effect have been fabricated [6] [7] [8] [9] [10] . To the best of our knowledge, only five research groups have shown the Vernier effect using the SOI platform [6] [7] [8] [9] [10] . B. Timotijevic et al. [6] , L. Jin et al. [7] and P. Koonath et al. [8] showed weak interstitial peak suppression. T. Chu et al. fabricated a silicon wavelength tunable laser using an external double microring resonator [9] . We have demonstrated series-coupled SOI strip waveguide racetrack resonators with an extended FSR of 36.2 nm and an improvement in the interstitial peak suppression of greater than 11 dB [10] .
In this paper, we present an explanation of the theory and experimental results of the Vernier effect using series-coupled racetrack resonators using SOI strip waveguides. We have gathered both theoretical aspects and experimental results within the same paper, coupled to an improvement in a Vernier effect device. For the purpose of comparison, we present measurements made on individual racetrack resonators having the same dimensions as the resonators within the Vernier effect device in order to show that the Vernier effect, in fact, has been achieved.
Theory
The FSR of a racetrack resonator is inversely proportional to the length of the resonator. If the FSR of a single resonator is comparable to the span of the C-band, the bending losses can become quite large and, thus, reduce the performance of the device. However, the Vernier effect can be used to extend the FSR. The Vernier effect can be created by using series-coupled racetrack resonators. The device consists of two bus waveguides connected to two series-coupled racetrack resonators with different lengths. Ideally, one would like these devices to have lowlosses, small foot-prints, extended FSRs that are comparable to the C-band, and to exhibit large interstitial peak suppressions.
The drop port transfer function that is used to model the Vernier effect device can be determined by [11] 
where
are the total lengths of the first and second racetrack resonator, respectively, λ is the wavelength, n g is the group index, κ 1 and κ 3 are the symmetric (real) point power coupling factors to the bus waveguides, and κ 2 is the (real) point inter-ring power coupling factor. n g is given by [11] 
where n e f f is the effective index and T is temperature. n e f f is λ and T dependent since the refractive indices of Si and SiO 2 are functions of λ and T. n e f f can be calculated using a mode solver and the λ and T dependency of the refractive indices can be modeled using experimental data [12] [13] [14] . The extended FSR needs to be comparable to the span of the C-band (35 nm) to maximize the number of channels that can be multiplexed. The extended FSR is related to the FSR of each racetrack resonator by [15, 16] 
where m 1 and m 2 are co-prime integers. The total length of each racetrack resonator is determined by using
One must optimize the performance of the device by ensuring: (1) the removal of twin resonance peaks located between the main resonance peaks; (2) that the main resonance peak intensity is high (i.e. ensuring low insertion loss); (3) that there is minimal splitting of the main resonance peak; and (4) that there is large interstitial peak suppression as shown in Fig. 1(a) and Fig. 1(b) . The twin peaks shown in Fig. 1(a) occur because m 1 and m 2 are chosen to be 9 and 7, respectively. To remove the occurrence of the twin peaks, m 2 should be equal to m 1 -1 (assuming m 1 >m 2 ). The optimized device shown in Fig. 2(a) has an interstitial peak suppression greater than 41.8 dB which is sufficient for WDM applications. Figure 2(b) shows that the optimized device does not have any main resonance peak splitting. If we increase m 1 (and m 2 ), the interstitial peak suppression decreases. Thus, m 1 needs to be small enough to give adequate interstitial peak suppression. The choice of L 1 and L 2 determines the extended FSR. The power coupling factors need to be optimized to obtain high main resonance intensity, minimal main resonance splitting, and large interstitial peak suppression [15, 16] . 
Experimental results
Our device was fabricated using 193 nm lithography. To couple light into and out of the waveguides, 1-D periodic grating couplers with 400 μm long tapers (to ensure single mode propagation for the TE-polarization) are used [17] . The SOI strip waveguides have a width of 420 nm, a height of 220 nm, and a buried oxide (BOX) thickness of 2 μm. These waveguide dimensions typically result in about 20 dB/cm propagation loss [18] . Although the losses are large compared to a 500 nm width waveguide, the benefit to having a 420 nm waveguide is that the mode is less confined so the gap distances can be increased to reduce the chances of fabrication errors while keeping the power coupling factors relatively the same. We choose to set m 2 = 4 and m 1 = 5 (ratio equal to 0.8), which turns out to be the same values as given in [16] . The straight sections of the racetrack resonator, L c , are 15 μm. The radii (defined from the centers of the waveguides), R 1 and R 2 , of the half-circle sections of the racetrack resonators are 6.545 μm and 4.225 μm, respectively. A small straight section of 50 nm is added to the middle of each half-circle of the racetrack resonator. This straight section was inserted so that several devices with different total resonator lengths (different straight section length) could be fabricated while the power coupling factors remained the same. However, this straight section can increase the scattering losses. The ratio of L 2 to L 1 is 0.7953. The gap distances for the inter-ring coupling region and the two coupling regions to the bus waveguides are approximately 410 nm and 230 nm, respectively. Figure 3 shows scanning-electron micrographs (SEMs) of the fabricated device. Figure 4 (c) shows the straight waveguide transmission response that was used for calibration. The extended FSR is 35.96 nm, the quality factor is 2084, the 3-dB bandwidth is 0.74 nm, there is minimal splitting of the main resonance peak [shown in Fig. 4(b) ], and the interstitial peak suppression is between 9.11 dB and 17.11 dB. Thus, we can conclude that using series-coupled racetrack resonators provide a marked improvement in the FSR compared to single racetrack resonator multiplexers. The measured through port response showed an extinction ratio of 5.43 dB. Although the interstitial peak suppression of our device shows a marked improvement compared to other devices reported in literature, the suppression is still insufficient for many WDM applications. In order to improve suppression in future devices, we intend to increase the gap distances with the inter-ring gap distance having the greatest impact on the suppression. Also, the Vernier effect exhibited in devices such as the one reported here may effect the through port channels due to the increase in dispersion and group delay [19] . A new Vernier scheme proposed by M. Popovic et al. may provide a potential solution to this problem [19] . Fig. 3a) , and (c) shows the straight waveguide transmission response used for calibration.
The following presents the details for curve-fitting the results shown in Fig. 4(a) . The device shown in Fig. 3 has a waveguide width of approximately 420 nm and gap distances of approximately 410 nm and 230 nm and, hence, these are the values used here. Using a 2D Finite Difference (FD) mode solver [20] , the group index is 4.5473. The best fit between the model and the experiment is for κ 1 = 0.3665, κ 2 = 0.02485 and κ 3 = 0.3665. From these values, we determine the gap distances using supermode analysis to be between 405 nm and 410 nm for the inter-ring coupling region and between 230 nm and 235 nm for the two coupling regions to the bus waveguides, which are very close to the values determined from the SEM images in Fig. 3(a) and Fig. 3(b) . The curve-fit takes into account the wavelength dependency of the power coupling factors using the 2D FD mode solver.
The slight mismatch between the curve-fit and the experimental results may be due to various assumptions and unknown experimental waveguide characteristics. These assumptions and characteristics include: (1) The waveguides are assumed to be perfectly rectangular (however, cross-sectional SEM images of similar SOI waveguides have shown that the sidewalls can have slopes of approximately 9 o [21] and a trapezoidal waveguide structure will change the effective index as well as the gap distances); (2) the group index is assumed to be wavelength independent; (3) the height of the waveguide is assumed to be 220 nm; (4) the waveguide curvature is neglected for n e f f calculations; and (5) the distance between waveguides is not considered for n e f f calculations.
To evaluate and confirm the existence of the Vernier effect, individual racetrack resonators with the same structural designs as those that constitute the Vernier-effect device were fabricated on the same die. Figure 5 shows the experimental drop port response of the two racetrack resonators which was calibrated using a straight waveguide transmission response. The quality factors for the racetrack resonators with a radius of 6.545 μm and 4.225 μm are approximately 1091 and 1157, respectively. The periodic resonance peaks of both racetrack resonators overlap at 1502.44 nm and 1538.24 nm. The difference between these two resonance wavelengths is 35.8 nm, which is close to value of the extended FSR shown in Fig. 4(a) . 
Summary
In summary, we have presented the theory of series-coupled racetrack resonator showing the Vernier effect. Our experimental results for the series-coupled racetrack resonator showed an extended FSR of 36 nm, no twin resonance peaks, minimal splitting of the main resonance peaks, interstitial peak suppression from 9 dB to 17 dB, a quality factor of 2084, and a 3-dB bandwidth of 0.74 nm. Individual racetrack resonators similar to those that constitute the Vernier-effect device were fabricated. The resonance peaks overlap at 1502.44 nm and 1538.24 nm with a difference close to the extended FSR of the series-coupled racetrack resonators.
